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Table 1 Values of n and / for given values of a. for the
cases k = 0 and k = 1

Fig. 1 Optimum
power law expo-

nent.

Now in order that the ballistic factor be minimum, dl/dn
0, i.e.,

- 12n3 + n2 + 2n) ,

= 0 (8)

4(2n - I)2

(n
This gives the values of n for given values of the factor a.
Knowing the value of n we can calculate the missile shapes
of minimum ballistic factor and also from Eq. (7) the corre-
sponding values of I.

Now Eq. (8) is a general expression and we can deduce all
the previous results from here. The following four cases are
possible. Case 1: When k = 0, a = 0 (Newton law neglect-
ing friction); n = 0.694 as also obtained by Fink.2 Case 2:
When k = I, a = 0 (Newton-Busemann law neglecting
friction); n = 0.637 as also obtained by Fink.2 Case 3:
When k = 0, a ^ 0 (Newton law accounting for friction);
then the optimum value of n is given by

2(2n - I)2 (n = 0 (9)

a result also obtained by Miele and Huang.3 Case 4: When
k = I and a ^ 0 (Newton-Busemann law accounting for
friction) is not reported so far and is being considered here.
The results obtained are compared with those given by Case
3 due to Miele and Huang. In this case the relation between
n and a is given by

5n2 - 2n)(n + I)2

4:(2n - I)2 (10)

Fig. 1 compares the relationship n(a) for the cases when
k = 0 and k = 1, respectively. Also Fig. 2 compares the
corresponding relation I (a). Having found the value
of n it is easy to find from Eq. (4) the geometry of the missiles
of minimum ballistic factor for given values of a. in both the
cases k = 0 and k = 1. Table 1 gives the comparative
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Fig. 2 Minimum
quality coeffi-

cient

k = 0
(Newton Law)

a = 0 a = 1 a = 2

k = 1
(Newton-Busemann Law)
a. = 0 a = 1 a = 2

n 0.6937 0.6780 0.6179 0.6372 0.6248 0.5822
I 1.0286 2.4354 12.1738 0.7670 2.1537 11.7767

values of n and 7 for a = 0,1,2 for the two cases k = 0 and
k = 1.

It can be observed that with the increasing values of the
friction factor a the power law exponent n decreases while the
corresponding ballistic factor increases. Also the values of
n and I obtained by using Newton-Busemann law are always
less than those obtained by using Newton law corresponding
to the same value of a.
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Flow through an Asymmetric
Two-Dimensional Contraction

THOMAS ROGGE*
Iowa State University, Ames, Iowa

ARE CENT paper by Gates and Nash-Webber1 considered
the problem of an irrotational, incompressible flow in a

two-dimensional channel with a contraction. The purpose of
their study was to determine the nonuniformity of the axial
velocity profile beyond the contraction. This is an important
consideration when using such a contraction in the entrance
region of a wind or water tunnel. The assumption made in
Ref. 1 is that the amplitude of the contraction is small com-
pared to the mean channel height. The problem considered
in this paper is the same as above, but no restriction is im-
posed on the amplitude of the contraction.

The geometry of the channel is shown in Fig, 1, where g(x)
and f(x) are continuous functions with continuous first de-
rivatives, defined as

(A, x<-L
g(x) = \g(x), -L <x

(a, x > aL

-A, x < 0
}(x), 0 < x <
— b, x > aL

(1)

aL
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Fig. 1 Geometry of the channel.

For an irrotational, incompressible flow the velocity can be
defined in terms of a potential <t>(x,y], which satisfies the two-
dimensional Laplace equation.

The boundary conditions are that the normal component of
velocity on the walls of the channel must vanish, which leads
to

- c)0/d?/ = 0 on y = f(x)
(2)

®<l>/*x)g'(x) - 50/cty = 0 on y = g(x)

The velocity potential for this type of flow is found to be

( 1 \ l / 2 /»oo
— - j l _ A(k) coshkyeikxdk +

1 \ l /2 /%oo

o ) I B(® *uMcye**dk + U0x (3)
\2TT / J — <=o

where the uniform flow at infinity, U0x, has been added to
maintain irrotational flow in a simply connected region
bounded by fixed walls.2

Equation (2) applied to Eq. (3) results in the value of A (k)
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Fig. 2 Deviation of velocity from uniform flow.

where

As an example, consider the side walls to be given by the
equations

q(x) = -(A - a) sin2[7r(z + L)/2(a + 1)L] + ^

/(a;) = (A - b) sin2[7ro;/2aL] - A

Then

(1 5) Z
n = l

/ -.x Ulr(i(— l)n cos -— —

[ ['
(1 - a) f

i - y)
+ &)
+ — -—

\( ir•ii

/ TrLAx\
\ a + b/

2L2 ~|

'^ n^b + y)
C°S (a + 5)

[ i +"<« (°
(•*
<xp{V
+ I)2

-5) 2

l^ A JJ 1 / v

7rLAx\
U a + b)

]
Gates et al. were interested in determining the downstream

distance from the contraction where the flow was uniform.
In the downstream region, x > aL, the velocity components
are

where the barred quantities are dimensionless variables de-
fined as follows:

u = 2u/U0, L = L/A, 6 = 6/A, o = a/A
= = p
~ do; ~ (27T)1/2 X , x = = x — a

/
co eikx

— 00

e**[F sinhk(a - y) + G s y)]
smhk(a + 6) dk

(27T)1
X

/
CO-. q ^ y) _(j_cosn/c(fr + y)\ ̂

sinhA;(a + 6)

Typical results for a = 0.5, 5 = 0.25, L = 1.0, a = 1.0, and
Ao; = 1.25 are shown in Fig. 2. The maximum deviation
from uniform flow is less than 0.1%. If a greater deviation
from uniform flow is allowed, then A^ will be less than 1.25.

As an alternative problem, one can consider Ax fixed and
determine the required channel dimensions for uniform flow.
In this case the first-order terms of the series can be examined
for a first approximation. For the flow to be uniform, it fol-
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lows that

1 + 73-

L2(<* + I)2

(a + 5)2

(4)

which is an equation relating the dimensions of the channel.
Equation (4) is equivalent to the "rule of thumb" in Ref. 1
and for the mean channel height large compared to the ampli-
tude of the sidewall contraction, Eq. (4) reduces to the rule of
thumb in Ref. 1.
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Characteristics of a Magnetic Annular
Arc Operating Continuously at

Atmospheric Pressure

G. W. GARRISON* AND R. T. SMITH*
ARO Inc., Arnold Air Force Station, Tenn.

MAGNETIC Annular Arc (MAARC) devices have been
operated continuously in the millibar-kilowatt range1

and have been pulsed in the atmosphere-multimegawatt
range.2'3 The AEDC MAARC, a modified version of a
device designed for low-pressure operation,4 was operated
on nitrogen exhausting to the atmosphere to determine per-
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Fig. 1 Experimental data showing the effect of thori-
ated tungsten cathode and copper cathode on performance

as the axial magnetic field is increased.
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Fig. 2 The variation with current of the voltage, enthalpy,
and thermal efficiency at a high axial magnetic field.

formance trends. The electrical and thermal characteristics
of this direct-current, one-half megawatt MAARC are dis-
cussed.

The MAARC consists of a constant area coaxial copper
anode, 3.4 cm in diameter, and cathode, 2.5 cm in diameter.
The cathode tip was hemispherical and both copper and
thoriated tungsten were used. A primarily axial magnetic
field up to 2.5 tesla (25,000 gauss) was applied at the cathode
tip by an external magnet. The ratio of the radial magnetic
field to the axial magnetic field in the discharge was approxi-
mately 0.11. A high-speed movie camera was used to photo-
graph the discharge at 10,000 frames/sec with a shutter speed
of two /isec. All components of the MAARC and magnet
were water cooled allowing continuous operation at arc cur-
rents from 700 to 2000 amp.

Figure 1 shows the variation of enthalpy, voltage, and
efficiency with increasing magnetic field for both the copper
and tungsten cathodes. Operation with a tungsten cathode
invariably gives a higher voltage and efficiency, thus a higher
enthalpy. The cathode heat loss using tungsten is approxi-
mately one-half of that for copper. This may be attributed
to the thermal emission of the tungsten tending to cool the
cathode. The over-all efficiency of the device increases with
magnetic field due to the decrease of the fraction of the power
lost to the cathode and anode. The voltage, for both mate-
rials, increases linearly with increasing magnetic field agree-
ing with earlier experimental results.1"3

The MAARC has a drooping V-I characteristic except at
high current and high magnetic fields where the slope be-
comes positive. This voltage characteristic, as well as the
variation of enthalpy and efficiency with current, is shown
in Fig. 2. The anode power loss increases linearly with in-
creasing current, but the cathode loss is independent of cur-
rent. The over-all efficiency of the device decreases slightly
and then increases as the current increases. The enthalpy
changes rapidly with increasing current and the maximum
enthalpy measured (based on a heat balance) during the
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